
Íàó÷íàÿ ñòàòüÿ

ÓÄÊ 514.747.2, 517.965

DOI 10.25205/1560-750X-2026-29-3-169-191

ÂÛ×ÈÑËÅÍÈÅ ÀÂÒÎÌÎ�ÔÈÇÌÎÂ

ÍÅÊÎÒÎ�ÛÕ ��ÓÏÏ ËÈ

ÊÀÊ �ÅØÅÍÈÉ ÑÈÑÒÅÌ

ÔÓÍÊÖÈÎÍÀËÜÍÛÕ Ó�ÀÂÍÅÍÈÉ

Âëàäèìèð Àëåêñàíäðîâè÷ Êûðîâ

�îðíî-Àëòàéñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

�îðíî-Àëòàéñê, �îññèÿ

kyrovVA�yandex.ru; https://or
id.org/0000-0001-5925-7706

Àííîòàöèÿ

Â äàííîé ñòàòüå ïðåäëàãàåòñÿ ìåòîä âû÷èñëåíèÿ ãðóïïû àâòîìîð�èç-

ìîâ ãðóïïû Ëè êàê ðåøåíèå ñèñòåìû �óíêöèîíàëüíûõ óðàâíåíèé.

Ýòèì ìåòîäîì íàéäåíû ãðóïïû àâòîìîð�èçìîâ äëÿ òðåõ ìàòðè÷íûõ

ãðóïï Ëè. Íàéäåíû ïîäãðóïïû âíóòðåííèõ àâòîìîð�èçìîâ. Âû÷èñëå-

íû �àêòîðãðóïïû ãðóïï àâòîìîð�èçìîâ ïî ïîäãðóïïàì âíóòðåííèõ àâ-

òîìîð�èçìîâ.
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Abstra
t

This arti
le proposes a method for 
al
ulating the automorphism group of

a Lie group by solving a system of fun
tional equations. This method is

used to �nd automorphism groups for three matrix Lie groups. Subgroups

of inner automorphisms are found. Fa
tor groups of automorphism groups

by subgroups of inner automorphisms are 
al
ulated.
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Ââåäåíèå

Êàê èçâåñòíî, ãðóïïîé Ëè íàçûâàåòñÿ ãðóïïà (G, ◦), ñíàáæåííàÿ ñòðóê-
òóðîé äè��åðåíöèðóåìîãî ìíîãîîáðàçèÿ òàêèì îáðàçîì, ÷òî áèíàðíàÿ

îïåðàöèÿ ÿâëÿåòñÿ äè��åðåíöèðóåìûì îòîáðàæåíèåì [1℄.

Äè��åîìîð�èçì f : G → G ãðóïïû Ëè G ÿâëÿåòñÿ àâòîìîð�èçìîì,

åñëè âûïîëíÿåòñÿ òîæäåñòâî:

f(x ◦ y) = f(x) ◦ f(y), (1)

äëÿ ëþáûõ x è y èç G. Àâòîìîð�èçì âèäà

fa(x) = a ◦ x ◦ a−1, (2)

ãäå a � íåêîòîðûé ýëåìåíò èç G, à x � ïðîèçâîëüíûé ýëåìåíò èç G, íàçû-
âàåòñÿ âíóòðåííèì.

Öåëü äàííîé ñòàòüè, äëÿ êîíêðåòíîé ãðóïïû Ëè G íàéòè âñå å¼ àâ-

òîìîð�èçìû. Çàìåòèì, ÷òî çäåñü èùóòñÿ òîëüêî àâòîìîð�èçìû, ÿâëÿþ-

ùèåñÿ äè��åîìîð�èçìàìè. Çàäà÷à íàõîæäåíèÿ, íàïðèìåð, äèñêðåòíûõ
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Êûðîâ Â.À. 171

àâòîìîð�èçìîâ íå ñòàâèòñÿ. Äëÿ ðåøåíèÿ ýòîé çàäà÷è òîæäåñòâî (1) ðàñ-

ñìàòðèâàåòñÿ êàê �óíêöèîíàëüíîå óðàâíåíèå, îáîáùàþùåå óðàâíåíèå Êî-

øè f(x◦y) = f(x)◦f(y), åñëè ïîëàãàòü G = R+, ◦ � îáû÷íîå óìíîæåíèå â

ãðóïïå ïîëîæèòåëüíûõ âåùåñòâåííûõ ÷èñåë. Â òàêîì ñëó÷àå, êàê õîðîøî

èçâåñòíî, óðàâíåíèå Êîøè èìååò ðåøåíèå f(x) = xc
, c = 
onst.

� 1. �ðóïïû Ëè

Ïðèâåäåì ñïèñîê ãðóïï Ëè, ñâÿçàííûõ ñ äâóìåòðè÷åñêèìè ãåîìåòðèÿ-

ìè äâóõ ìíîæåñòâ èç [2, ñòð. 113, 114℄, äëÿ êîòîðûõ íèæå áóäåì íàõîäèòü

àâòîìîð�èçìû. Âåçäå íèæå ëîêàëüíûå êîîðäèíàòû òî÷åê ãðóïï Ëè G1 �

G5 îáîçíà÷àþòñÿ ãðå÷åñêèì áóêâàìè òàêèìè, êàê: ξ, η, µ, ν.
1. G1 � ïåðâàÿ ãðóïïà Ëè, òî÷êè êîòîðîé (ξ, η) ∈ G1 ìîæíî ïðåäñòàâèòü

ìàòðèöàìè

(
ξ η
0 1

)
. Áèíàðíàÿ îïåðàöèÿ:

(
ξ1 η1
0 1

)
◦

(
ξ2 η2
0 1

)
=

(
ξ1ξ2 ξ1η2 + η1
0 1

)
.

Íà òî÷êàõ: (ξ1, η1) ◦ (ξ2, η2) = (ξ1ξ2, ξ1η2 + η1). Åäèíèöåé ÿâëÿåòñÿ ýëåìåíò

e = (1, 0).
2. G2 � âòîðàÿ ãðóïïà Ëè, òî÷êè êîòîðîé (ξ, η, µ, ν) ∈ G2 ïðåäñòàâëÿ-

þòñÿ ìàòðèöàìè



ξ 0 µ
η ξ ν
0 0 1


 . Áèíàðíàÿ îïåðàöèÿ:



ξ1 0 µ1

η1 ξ1 ν1
0 0 1


 ◦



ξ2 0 µ2

η2 ξ2 ν2
0 0 1


 =




ξ1ξ2 0 µ2ξ1 + µ1

ξ1η2 + ξ2η1 ξ1ξ2 µ2η1 + ν2ξ1 + ν1
0 0 1


 .

Íà òî÷êàõ: (ξ1, η1, µ1, ν1) ◦ (ξ2, η2, µ2, ν2) = (ξ1ξ2, ξ1η2 + ξ2η1, µ2ξ1+µ1, µ2η1 +
ν2ξ1 + ν1).

3. Â òðåòüåé ãðóïïå G3 òî÷êè (ξ, η, µ, ν) ∈ G3 ïðåäñòàâëÿþòñÿ ìàòðè-

öàìè



ξ −η µ
η ξ ν
0 0 1


 . Áèíàðíàÿ îïåðàöèÿ:



ξ1 −η1 µ1

η1 ξ1 ν1
0 0 1


 ◦



ξ2 −η2 µ2

η2 ξ2 ν2
0 0 1


 =



ξ1ξ2 − η1η2 −ξ1η2 − ξ2η1 µ2ξ1 − η1ν2 + µ1

ξ1η2 + ξ2η1 ξ1ξ2 − η1η2 µ2η1 + ν2ξ1 + ν1
0 0 1


 .
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Íà òî÷êàõ: (ξ1, η1, µ1, ν1) ◦ (ξ2, η2, µ2, ν2) = (ξ1ξ2 − η1η2, ξ1η2 + ξ2η1, µ2ξ1 −
η1ν2 + µ1, µ2η1 + ν2ξ1 + ν1).

4. Â ãðóïïå G4, òî÷êè (ξ, η, µ, ν) ∈ G4 ìîæíî ïðåäñòàâèòü ìàòðèöàìè

ξ η µ
η ξ ν
0 0 1


 . Áèíàðíàÿ îïåðàöèÿ:



ξ1 η1 µ1

η1 ξ1 ν1
0 0 1


 ◦



ξ2 η2 µ2

η2 ξ2 ν2
0 0 1


 =



ξ1ξ2 + η1η2 ξ1η2 + ξ2η1 µ2ξ1 + η1ν2 + µ1

ξ1η2 + ξ2η1 ξ1ξ2 + η1η2 µ2η1 + ν2ξ1 + ν1
0 0 1


 .

Íà òî÷êàõ: (ξ1, η1, µ1, ν1) ◦ (ξ2, η2, µ2, ν2) = (ξ1ξ2 + η1η2, ξ1η2 + ξ2η1, µ2ξ1 +
η1ν2 + µ1, µ2η1 + ν2ξ1 + ν1).

5. È, íàêîíåö, â ïÿòîé ãðóïïå G5, òî÷êè (ξ, η, µ, ν) ∈ G5 ïðåäñòàâëÿþòñÿ

ìàòðèöàìè



ξ 0 µ
η ξc ν
0 0 1


 , c 6= 1, ξ > 0. Áèíàðíàÿ îïåðàöèÿ:



ξ1 0 µ1

η1 ξc1 ν1
0 0 1


 ◦



ξ2 0 µ2

η2 ξc2 ν2
0 0 1


 =




ξ1ξ2 0 µ2ξ1 + µ1

ξc1η2 + ξ2η1 ξc1ξ
c
2 µ2η1 + ν2ξ

c
1 + ν1

0 0 1


 .

Íà òî÷êàõ: (ξ1, η1, µ1, ν1) ◦ (ξ2, η2, µ2, ν2) = (ξ1ξ2, ξ
c
1η2 + ξ2η1, µ2ξ1+µ1, µ2η1 +

ν2ξ
c
1 + ν1).
Â ãðóïïàõ G2 −G5 ýëåìåíò e = (1, 0, 0, 0) ÿâëÿåòñÿ åäèíè÷íûì.

� 2. Àâòîìîð�èçìû ãðóïïû G1

Àâòîìîð�èçì ãðóïïû ËèG1 çàäà¼òñÿ �óíêöèÿìè f : (ξ, η) 7→ (σ1(ξ, η), σ2(ξ, η)),
êîòîðûå óäîâëåòâîðÿþò �óíêöèîíàëüíîìó óðàâíåíèþ (1). Â ÿâíîì âèäå

îíî ðàñïèñûâàåòñÿ êàê ñèñòåìà óðàâíåíèé:

σ1(ξ1ξ2, ξ1η2 + η1) = σ1(ξ1, η1)σ1(ξ2, η2),
σ2(ξ1ξ2, ξ1η2 + η1) = σ1(ξ1, η1)σ2(ξ2, η2) + σ2(ξ1, η1).

(3)

Òàê êàê f � äè��åîìîð�èçì, òî ∆ =
∂(σ1, σ2)

∂(ξ, η)
6= 0.

Çàìå÷àíèå. Çäåñü è âåçäå íèæå ïðîèçâîäíûå äè��åðåíöèðóåìûõ

�óíêöèè σi, i = 1, 2, 3, 4, ïî ïåðåìåííûì ξ, η, µ, ν îáîçíà÷àþòñÿ òàê: σiξ,

σiη, σiµ, σiν .
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Êûðîâ Â.À. 173

Òåîðåìà 1. Àâòîìîð�èçì f : (ξ, η) 7→ (σ1(ξ, η), σ2(ξ, η)) ãðóïïû Ëè G1

èìååò ñëåäóþùèé ÿâíûé îáùèé âèä:

σ1 = ξ, σ2 = b1ξ + b2η − b1, (4)

ãäå b1, b2 = 
onst, b2 6= 0.
Äîêàçàòåëüñòâî. Ââåäåì îáîçíà÷åíèÿ: σ1ξ(e) = a1, σ1η(e) = a2, σ2ξ(e) =

b1, σ2η(e) = b2, ïðè÷åì ∆ = a1b2 − a2b1 6= 0, a1, a2, b1, b2 � ïîñòîÿííûå. Ïðî-
äè��åðåíöèðóåì ñèñòåìó �óíêöèîíàëüíûõ óðàâíåíèé (3) ïî ïåðåìåííûì

ξ2, η2, ïîñëå ÷åãî ïîäñòàâèì (ξ1, η1) → (ξ, η), (ξ2, η2) → (1, 0), à çàòåì âîñ-

ïîëüçóåìñÿ âûøå ñäåëàííûìè îáîçíà÷åíèÿìè:

ξσ1ξ = a1σ1, ξσ1η = a2σ1, ξσ2ξ = b1σ1, ξσ2η = b2σ1.

Èíòåãðèðóÿ, ïîëó÷àåì:

σ1 = c1ξ, σ2 = b1c1ξ + b2c1η + c2,

ãäå c1 = 
onst, c2 = 
onst, a1 = 1, c1 6= 0, b2 6= 0. Äàëåå íàéäåííîå ïîäñòàâ-
ëÿÿ â (3), ïîëó÷àåì c1 = 1, c2 = −b1. Â ðåçóëüòàòå èìååì (4). �

Ñëåäñòâèå 1. Àâòîìîð�èçì (4) ãðóïïû Ëè G1 ÿâëÿåòñÿ âíóòðåííèì.

Äëÿ äîêàçàòåëüñòâà íåîáõîäèìî âû÷èñëèòü ñîïðÿæåíèå ïî �îðìóëå

(2): (
m n
0 1

)
−1(

ξ η
0 1

)(
m n
0 1

)
, m 6= 0.

Íåïîñðåäñòâåííûå âû÷èñëåíèÿ äàþò:

(
x η/n+ nξ/m− n/m
0 1

)
.

Îòñþäà âûòåêàåò ñïðàâåëèâîñòü óòâåðæäåíèÿ. �

Êàê èçâåñòíî, ìíîæåñòâî âñåõ àâòîìîð�èçìîâ ãðóïïû ÿâëÿåòñÿ ãðóï-

ïîé, íàçûâàåìîé ãðóïïîé àâòîìîð�èçìîì. Ïîýòîìó â òåîðåìå 1 íàéäåíà

ãðóïïà àâòîìîð�èçìîâ Aut(G1) ãðóïïû G1. Çàìåòèì, ÷òî ãðóïïó Aut(G1)
ìîæíî ðàññìîòðåòü êàê ãðóïïó Ëè ïðåîáðàçîâàíèé ïðîñòðàíñòâà V2, ñî-

ñòîÿùåãî èç ýëåìåíòîâ (ξ, η, 1)T , ñ ý��åêòèâíî äåéñòâóþùåé ãðóïïîé Ëè

Aut1 =




1 0 0
b1 b2 −b1
0 0 1


 .
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� 3. Àâòîìîð�èçìû ãðóïïû G2

Àâòîìîð�èçì â ãðóïïå Ëè G2 çàäàåòñÿ �óíêöèÿìè f : (ξ, η, µ, ν) 7→
(σ1(ξ, η, µ, ν), σ2(ξ, η, µ, ν), σ3(ξ, η, µ, ν), σ4(ξ, η, µ, ν)), óäîâëåòâîðÿþùèìè óñëî-
âèþ (1). Èç (1) âûòåêàåò, ÷òî äëÿ íàõîæäåíèÿ ÿâíîãî âèäà àâòîìîð�èçìà

òðåáóåòñÿ ðåøèòü ñèñòåìó �óíêöèîíàëüíûõ óðàâíåíèé





σ1(ξ1ξ2, ξ1η2 + ξ2η1, µ2ξ1 + µ1, µ2η1 + ν2ξ1 + ν1) =
σ1(ξ1, η1, µ1, ν1)σ1(ξ2, η2, µ2, ν2);

σ2(ξ1ξ2, ξ1η2 + ξ2η1, µ2ξ1 + µ1, µ2η1 + ν2ξ1 + ν1) =
σ1(ξ1, η1, µ1, ν1)σ2(ξ2, η2, µ2, ν2) + σ2(ξ1, η1, µ1, ν1)σ1(ξ2, η2, µ2, ν2);

σ3(ξ1ξ2, ξ1η2 + ξ2η1, µ2ξ1 + µ1, µ2η1 + ν2ξ1 + ν1) =
σ1(ξ1, η1, µ1, ν1)σ3(ξ2, η2, µ2, ν2) + σ3(ξ1, η1, µ1, ν1);
σ4(ξ1ξ2, ξ1η2 + ξ2η1, µ2ξ1 + µ1, µ2η1 + ν2ξ1 + ν1) =

σ2(ξ1, η1, µ1, ν1)σ3(ξ2, η2, µ2, ν2)+
σ1(ξ1, η1, µ1, ν1)σ4(ξ2, η2, µ2, ν2) + σ4(ξ1, η1, µ1, ν1),

(5)

ïðè÷åì ∆ =
∂(σ1, σ2, σ3, σ4)

∂(ξ, η, µ, ν)
6= 0.

Òåîðåìà 2. Àâòîìîð�èçì f ãðóïïû Ëè G2 èìååò ñëåäóþùèé ÿâíûé

îáùèé âèä:

σ1 = ξ, σ2 = a22η, σ3 = a33µ+ a31ξ − a31,
σ4 = a43µ+ a22a33ν + a31η + a41ξ − a41,

ïðè÷åì a22, a33, a31, a41, a43 = 
onst, a22a33 6= 0.
Äîêàçàòåëüñòâî. Ââåäåì ñíà÷àëà îáîçíà÷åíèÿ:

(∂σi/∂ξ)(e) = ai1, (∂σi/∂η)(e) = ai2, (∂σi/∂µ)(e) = ai3, (∂σi/∂ν)(e) = ai4,
(6)

ãäå aij = 
onst, ïî ñâîéñòâó àâòîìîð�èçìà

∆(e) = det |aij | 6= 0, (7)

i, j = 1, 2, 3, 4. Èç îïðåäåëåíèÿ àâòîìîð�èçìà òàêæå âûòåêàåò

f(e) = e. (8)

�åøàåì ñíà÷àëà ïåðâîå óðàâíåíèå. Äëÿ ýòîãî ïðîäè��åðåíöèðóåì åãî

ïî ξ1, η1, µ1, ν1, ïîñëå ÷åãî ââåäåì ïîäñòàíîâêó: (ξ2, η2, µ2, ν2) = (ξ, η, µ, ν),
(ξ1, η1, µ1, ν1) = (1, 0, 0, 0). Òîãäà èìååì ñèñòåìó äè��åðåíöèàëüíûõ óðàâ-

íåíèé:

ξ
∂σ1

∂ξ
+ η

∂σ1

∂η
+ µ

∂σ1

∂µ
+ ν

∂σ1

∂ν
= a11σ1,

ξ
∂σ1

∂η
+ µ

∂σ1

∂ν
= a12σ1,

∂σ1

∂µ
= a13σ1,

∂σ1

∂ν
= a14σ1.
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�åøàÿ ñèñòåìó, íàõîäèì

σ1 = c1|ξ|
a11ea12η/ξ, a13 = a14 = 0, c1 = 
onst 6= 0.

Äàëåå âîçâðàùàÿñü â ïåðâîå �óíêöèîíàëüíîå óðàâíåíèå, ïîëó÷àåì:

σ1 = |ξ|a11ea12η/ξ, c1 = 1.

Çàòåì íàéäåííîå ïîäñòàâëÿåì âî âòîðîå �óíêöèîíàëüíîå óðàâíåíèå èç

(5):

σ2(ξ1ξ2, ξ1η2 + ξ2η1, µ2ξ1 + µ1, µ2η1 + ν2ξ1 + ν1) =
|ξ1|

a11ea12η1/ξ1σ2(ξ2, η2, µ2, ν2) + σ2(ξ1, η1, µ1, ν1)|ξ2|
a11ea12η2/ξ2 .

Ïðîäè��åðåíöèðóåì ýòî óðàâíåíèå ïî ïåðåìåííûì ξ1, η1, µ1, ν1 è ñäåëàåì

ïîäñòàíîâêó: (ξ2, η2, µ2, ν2) = (ξ, η, µ, ν), (ξ1, η1, µ1, ν1) = (1, 0, 0, 0). Ïîëó-
÷èì íîâóþ ñèñòåìó äè��åðåíöèàëüíûõ óðàâíåíèé:

ξ
∂σ2

∂ξ
+ η

∂σ2

∂η
+ µ

∂σ2

∂µ
+ ν

∂σ2

∂ν
= a11σ2 + a21|ξ|

a11ea12η/ξ,

ξ
∂σ2

∂η
+ µ

∂σ2

∂ν
= a12σ2 + a22|ξ|

a11ea12η/ξ,

∂σ2

∂µ
= a23ξ

a11ea12η/ξ,
∂σ2

∂ν
= a24|ξ|

a11ea12η/ξ.

Ïîëó÷èì ðåøåíèå:

σ2 = (c2 + a21|ξ|
a11 ln |ξ|+ a22η|ξ|

a11−1)ea12η/ξ, a23 = a24 = 0.

Èç óñëîâèÿ ∆ 6= 0 âûòåêàåò

σ2 = (a21|ξ|
a11 ln ξ + a22η|ξ|

a11−1)ea12η/ξ, a23 = a24 = 0.

Òåïåðü ðåøàåì òðåòüå �óíêöèîíàëüíîå óðàâíåíèå. Ó÷èòûâàÿ ðåøåíèå

ïåðâîãî, èìååì

σ3(ξ1ξ2, ξ1η2 + ξ2η1, µ2ξ1 + µ1, µ2η1 + ν2ξ1 + ν1) =
|ξ1|

a11ea12η1/ξ1σ3(ξ2, η2, µ2, ν2) + σ3(ξ1, η1, µ1, ν1).

Ïîòîì ïðîäè��åðåíöèðóåì åãî ïî ξ1, η1, µ1, ν1, ïîñëå ÷åãî ââåäåì ïîäñòà-

íîâêó: (ξ2, η2, µ2, ν2) = (ξ, η, µ, ν), (ξ1, η1, µ1, ν1) = (1, 0, 0, 0). Òîãäà ïîëó÷èì
ñèñòåìó:

ξ
∂σ3

∂ξ
+ η

∂σ3

∂η
+ µ

∂σ3

∂µ
+ ν

∂σ3

∂ν
= a11σ3 + a31,
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ξ
∂σ3

∂η
+ µ

∂σ3

∂ν
= a12σ3 + a32,

∂σ3

∂µ
= a33,

∂σ3

∂ν
= a34.

�åøàÿ ïîñëåäíèå óðàâíåíèÿ, èìååì σ3 = a33µ+ a34ν + σ̂3(ξ, η), ïîäñòàâëÿÿ
âî âòîðîå, ïðè a12 6= 0, ïîëó÷àåì a33 = a34 = 0, ÷òî ïðîòèâîðå÷èò óñëîâèþ
àâòîìîð�èçìà. Ïðè a12 = 0 èìååì ðåøåíèå

σ3 = a33µ+ a31ξ − a31, a11 = 1, a32 = a34 = 0, a33 6= 0.

Òîãäà

σ1 = ξ, σ2 = a21ξ ln |ξ|+ a22η.

Íàêîíåö, ðåøàåì ÷åòâåðòîå �óíêöèîíàëüíîå óðàâíåíèå. Ó÷èòûâàÿ ðå-

øåíèÿ ïåðâîãî, âòîðîãî è òðåòüåãî, èìååì

σ4(ξ1ξ2, ξ1η2 + ξ2η1, µ2ξ1 + µ1, µ2η1 + ν2ξ1 + ν1) =
(a21ξ1 ln |ξ1|+ a22η1)(a33µ2 + a31ξ2 − a31)+

ξ1σ4(ξ2, η2, µ2, ν2) + σ4(ξ1, η1, µ1, ν1).

Ïîòîì ïðîäè��åðåíöèðóåì åãî ïî ξ1, η1, µ1, ν1, ïîñëå ÷åãî ââåäåì ïîäñòà-

íîâêó: (ξ2, η2, µ2, ν2) = (ξ, η, µ, ν), (ξ1, η1, µ1, ν1) = (1, 0, 0, 0). Òîãäà èìååì

ñèñòåìó äè��åðåíöèàëüíûõ óðàâíåíèé:

ξ
∂σ4

∂ξ
+ η

∂σ4

∂η
+ µ

∂σ4

∂µ
+ ν

∂σ4

∂ν
= a21(a33µ+ a31ξ − a31) + σ4 + a41,

ξ
∂σ4

∂η
+ µ

∂σ4

∂ν
= a22(a33µ+ a31ξ − a31) + a42,

∂σ4

∂µ
= a43,

∂σ4

∂ν
= a44.

�åøàÿ ïîñëåäíèå óðàâíåíèÿ, èìååì σ4 = a43µ+ a44ν + σ̂4(ξ, η), ïîäñòàâëÿÿ
âî âòîðîå, ïîëó÷àåì σ̂4(ξ, η) = a31η + (a42 − a22a31)η/ξ + f(ξ), a44 = a22a33.
Äàëåå èäåì â ïåðâîå óðàâíåíèå, ïîëó÷àåì a21 = 0, a42 = a22a31, çíà÷èò

σ4 = a43µ+ a22a33ν + a31η + c4ξ − a41.

Èç (8) âûòåêàåò:

σ4 = a43µ+ a22a33ν + a31η + a41ξ − a41.

Òåîðåìà äîêàçàíà. �

Ñëåäñòâèå 2. Ìíîæåñòâî àâòîìîð�èçìîâ, âû÷èñëåííûõ â òåîðåìå 2,

ñîäåðæèò ïîäìíîæåñòâî âíóòðåííèõ àâòîìîð�èçìîâ:

σ1 = ξ, σ2 = η, σ3 = a33µ+ a31ξ − a31,
σ4 = a43µ+ a33ν + a31η + a41ξ − a41.

Äàííîå ñëåäñòâèå äîêàçûâàåòñÿ êàê è ñëåäñòâèå òåîðåìû 1.
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Êûðîâ Â.À. 177

Â òåîðåìå 2 íàéäåíà ãðóïïà àâòîìîð�èçìîâ Aut(G2) ãðóïïû G2.

Å¼ ìîæíî ïðåäñòàâèòü êàê ðåçóëüòàò ý��åêòèâíîãî äåéñòâèÿ ãðóïïû Ëè

Aut2 =




1 0 0 0 0
0 a22 0 0 0
a31 0 a33 0 −a31
a41 a31 a43 a22a33 −a41
0 0 0 0 1




â ïðîñòðàíñòâå V4, ñîñòîÿùåì èç ýëåìåíòîâ (ξ, η, µ, ν, 1)T . Ñîãëàñíî ñëåä-

ñòâèþ ãðóïïà àâòîìîð�èçìîâ Aut(G2) ñîäåðæèò íîðìàëüíóþ ïîäãðóïïó

âíóòðåííèõ àâòîìîð�èçìîâ Inn(G2), êîòîðàÿ ÿâëÿåòñÿ ðåçóëüòàòîì ý�-

�åêòèâíîãî äåéñòâèÿ â V4 ãðóïïû

Inn2 =




1 0 0 0 0
0 1 0 0 0
a31 0 a33 0 −a31
a41 a31 a43 a33 −a41
0 0 0 0 1




.

Íåñëîæíî âû÷èñëÿåòñÿ �àêòîð-ãðóïïà:

Aut2/Inn2 =




1 0 0 0 0
0 a22 0 0 0
0 0 1 0 0
0 0 0 a22 0
0 0 0 0 1




∼= R/0.

� 4. Àâòîìîð�èçìû ãðóïïû G3

Íàõîæäåíèå âñåõ àâòîìîð�èçìîâ â ãðóïïå G3 ñâîäèòñÿ ê ðåøåíèþ ñè-

ñòåìû �óíêöèîíàëüíûõ óðàâíåíèé, âûòåêàþùåé èç óñëîâèÿ (1):





σ1(ξ1ξ2 − η1η2, ξ1η2 + ξ2η1, µ2ξ1 − η1ν2 + µ1, µ2η1 + ν2ξ1 + ν1) =
σ1(ξ1, η1, µ1, ν1)σ1(ξ2, η2, µ2, ν2)− σ2(ξ1, η1, µ1, ν1)σ2(ξ2, η2, µ2, ν2);
σ2(ξ1ξ2 − η1η2, ξ1η2 + ξ2η1, µ2ξ1 − η1ν2 + µ1, µ2η1 + ν2ξ1 + ν1) =
σ1(ξ1, η1, µ1, ν1)σ2(ξ2, η2, µ2, ν2) + σ2(ξ1, η1, µ1, ν1)σ1(ξ2, η2, µ2, ν2);
σ3(ξ1ξ2 − η1η2, ξ1η2 + ξ2η1, µ2ξ1 − η1ν2 + µ1, µ2η1 + ν2ξ1 + ν1) =

σ1(ξ1, η1, µ1, ν1)σ3(ξ2, η2, µ2, ν2)− σ2(ξ1, η1, µ1, ν1)σ4(ξ2, η2, µ2, ν2)+
σ3(ξ1, η1, µ1, ν1);

σ4(ξ1ξ2 − η1η2, ξ1η2 + ξ2η1, µ2ξ1 − η1ν2 + µ1, µ2η1 + ν2ξ1 + ν1) =
σ2(ξ1, η1, µ1, ν1)σ3(ξ2, η2, µ2, ν2) + σ1(ξ1, η1, µ1, ν1)σ4(ξ2, η2, µ2, ν2)+

σ4(ξ1, η1, µ1, ν1),

(9)
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ïðè÷åì ∆ = ∂(σ1, σ2, σ3, σ4)/∂(ξ, η, µ, ν) 6= 0.
Òåîðåìà 3. Àâòîìîð�èçì f ãðóïïû Ëè G3 èìååò ñëåäóþùèé ÿâíûé

îáùèé âèä:

σ1 = ξ, σ2 = ±η, σ3 = a31ξ ∓ a41η + a33µ∓ a43ν − a31,
σ4 = a41ξ ± a31η + a43µ± a33ν − a41.

ïðè÷åì a33, a31, a41, a43 = 
onst, a233 + a243 6= 0.
Äîêàçàòåëüñòâî.Ïðîäè��åðåíöèðóåì �óíêöèîíàëüíûå óðàâíåíèÿ (9)

ïî ξ1, η1, µ1, ν1, ïîñëå ÷åãî ââåäåì ïîäñòàíîâêó: (ξ2, η2, µ2, ν2) = (ξ, η, µ, ν),
(ξ1, η1, µ1, ν1) = (1, 0, 0, 0) è âîñïîëüçóåìñÿ óñëîâèÿìè (6) � (8). Òîãäà èìååì
÷åòûðå ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé:

ïåðâàÿ ñèñòåìà

ξ
∂σ1

∂ξ
+ η

∂σ1

∂η
+ µ

∂σ1

∂µ
+ ν

∂σ1

∂ν
= a11σ1 − a21σ2;

−η
∂σ1

∂ξ
+ ξ

∂σ1

∂η
− ν

∂σ1

∂µ
+ µ

∂σ1

∂ν
= a12σ1 − a22σ2;

∂σ1

∂µ
= a13σ1 − a23σ2;

∂σ1

∂ν
= a14σ1 − a24σ2,

âòîðàÿ ñèñòåìà:

ξ
∂σ2

∂ξ
+ η

∂σ2

∂η
+ µ

∂σ2

∂µ
+ ν

∂σ2

∂ν
= a11σ2 + a21σ1;

−η
∂σ2

∂ξ
+ ξ

∂σ2

∂η
− ν

∂σ2

∂µ
+ µ

∂σ2

∂ν
= a12σ2 + a22σ1;

∂σ2

∂µ
= a13σ2 + a23σ1;

∂σ2

∂ν
= a14σ2 + a24σ1,

òðåòüÿ ñèñòåìà:

ξ
∂σ3

∂ξ
+ η

∂σ3

∂η
+ µ

∂σ3

∂µ
+ ν

∂σ3

∂ν
= a11σ3 − a21σ4 + a31;

−η
∂σ3

∂ξ
+ ξ

∂σ3

∂η
− ν

∂σ3

∂µ
+ µ

∂σ3

∂ν
= a12σ3 − a22σ4 + a32;

∂σ3

∂µ
= a13σ3 − a23σ4 + a33;

∂σ3

∂ν
= a14σ3 − a24σ4 + a34,

÷åòâåðòàÿ ñèñòåìà:

ξ
∂σ4

∂ξ
+ η

∂σ4

∂η
+ µ

∂σ4

∂µ
+ ν

∂σ4

∂ν
= a21σ3 + a11σ4 + a41;
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−η
∂σ4

∂ξ
+ ξ

∂σ4

∂η
− ν

∂σ4

∂µ
+ µ

∂σ4

∂ν
= a22σ3 + a12σ4 + a42;

∂σ4

∂µ
= a23σ3 + a13σ4 + a43;

∂σ4

∂ν
= a24σ3 + a14σ4 + a44.

Äàëåå ââåäåì îáîçíà÷åíèÿ: u = σ1 + iσ2, v = σ3 + iσ4, A12 = a11 + ia21,
A22 = a12 + ia22, A32 = a13 + ia23, A42 = a14 + ia41, A1 = a31 + ia41, A2 =
a32 + ia42, A3 = a33 + ia43, A4 = a34 + ia44, i

2 = −1. Òîãäà ïðåäûäóùèå

ñèñòåìû ïðèíèìàþò âèä:

ξ
∂u

∂ξ
+ η

∂u

∂η
+ µ

∂u

∂µ
+ ν

∂u

∂ν
= A12u;

−η
∂u

∂ξ
+ ξ

∂u

∂η
− ν

∂u

∂µ
+ µ

∂u

∂ν
= A22u;

∂u

∂µ
= A32u;

∂u

∂ν
= A42u,

ξ
∂v

∂ξ
+ η

∂v

∂η
+ µ

∂v

∂µ
+ ν

∂v

∂ν
= A12v + A1;

−η
∂v

∂ξ
+ ξ

∂v

∂η
− ν

∂v

∂µ
+ µ

∂v

∂ν
= A22v + A2;

∂v

∂µ
= A32v + A3;

∂v

∂ν
= A42v + A4,

�åøàÿ òðåòüå è ÷åòâåðòîå óðàâíåíèÿ ýòèõ ñèñòåì, à çàòåì ïîäñòàâëÿÿ

â ïåðâûå äâà, ïîëó÷àåì A32 = A42 = 0, òîãäà áóäåì èìåòü:

u = û(ξ, η), v = v̂(ξ, η) + A3µ+ A4ν,

ïðè ýòîì A3 = A3A12, A4 = A4A12, A3 = −A4A22, A4 = A3A22. Òîãäà âîç-

ìîæíû äâà ñëó÷àÿ: 1) A3 = A4 = 0, A12, A22 � ïðîèçâîëüíûå, 2) A3 6= 0 è
A4 6= 0, ñëåäîâàòåëüíî A12 = 1, A22 = ±i, A4 = ±iA3.

1). Ïåðâûé ñëó÷àé íå ïðèâîäèò ê àâòîìîð�èçìó.

2). Âî âòîðîì ñëó÷àå èìååì ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé:

ξ
∂û

∂ξ
+ η

∂û

∂η
= û, −η

∂û

∂ξ
+ ξ

∂û

∂η
= ±iû,

ξ
∂v̂

∂ξ
+ η

∂v̂

∂η
= v̂ + A1, −η

∂v̂

∂ξ
+ ξ

∂v̂

∂η
= ±iv̂ + A2.

�åøàÿ ïåðâûå äâà óðàâíåíèÿ, ïîëó÷àåì

u = û = ξ ± iη.
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�åøàÿ òðåòüå óðàâíåíèå, ïîëó÷àåì v̂ = ξϕ(η/ξ)− A1, ïîñëå ÷åãî èäåì

â ÷åòâåðòîå óðàâíåíèå è ïîëó÷àåì ðàâåíñòâî (1 + η2/ξ2)ϕ′(η/ξ) − (η/ξ ∓
i)ϕ(η/ξ) = (A2 ∓ iA1)/ξ. Èç äàííîãî ðàâåíñòâà âûòåêàåò A2 = ±iA1. Òîãäà

ïðèõîäèì ê äè��åðåíöèàëüíîìó óðàâíåíèþ (1 + η2/ξ2)ϕ′(η/ξ) − (η/ξ ∓
i)ϕ(η/ξ) = 0. �åøåíèå ýòîãî óðàâíåíèÿ, èìååò âèä:

v = c(ξ ± iη) + A3(µ± ν)−A1.

Äàëåå âîçâðàùàÿñü â èñõîäíûå �óíêöèîíàëüíûå óðàâíåíèÿ, ïîëó÷àåì

v = A1(ξ ± iη) + A3(µ± ν)− A1.

Òàêèì îáðàçîì, òåîðåìà 3 äîêàçàíà. �

Ñëåäñòâèå 3. Ìíîæåñòâî àâòîìîð�èçìîâ, âû÷èñëåííûõ â òåîðåìå 3,

ñîäåðæèò ïîäìíîæåñòâî âíóòðåííèõ àâòîìîð�èçìîâ:

σ1 = ξ, σ2 = η, σ3 = a31ξ − a41η + a33µ− a43ν − a31,
σ4 = a41ξ + a31η + a43µ+ a33ν − a41.

Äàííîå ñëåäñòâèå äîêàçûâàåòñÿ êàê è ñëåäñòâèå òåîðåìû 1.

Â òåîðåìå 3 íàéäåíà ãðóïïà àâòîìîð�èçìîâ Aut(G3) ãðóïïû G3. Îíà

ÿâëÿåòñÿ ðåçóëüòàòîì ý��åêòèâíîãî äåéñòâèÿ ãðóïïû Ëè

Aut3 =




1 0 0 0 0
0 ±1 0 0 0
a31 ∓a41 a33 ∓a43 −a31
a41 ±a31 a43 ±a33 −a41
0 0 0 0 1




â V4. Ñîãëàñíî ñëåäñòâèþ ãðóïïà àâòîìîð�èçìîâ Aut(G3) ñîäåðæèò íîð-

ìàëüíóþ ïîäãðóïïó âíóòðåííèõ àâòîìîð�èçìîâ Inn(G3), êîòîðàÿ ÿâëÿåò-
ñÿ ðåçóëüòàòîì ý��åêòèâíîãî äåéñòâèÿ ãðóïïû

Inn3 =




1 0 0 0 0
0 1 0 0 0
a31 −a41 a33 −a43 −a31
a41 a31 a43 a33 −a41
0 0 0 0 1




.

Âû÷èñëÿÿ, ïîëó÷àåì �àêòîð-ãðóïïó:

Aut3/Inn3 =




1 0 0 0 0
0 ±1 0 0 0
0 0 1 0 0
0 0 0 ±1 0
0 0 0 0 1




∼= Z2.
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� 5. Àâòîìîð�èçìû ãðóïïû G4.

Äëÿ âû÷èñëåíèÿ àâòîìîð�èçìîâ â ãðóïïå G4 íåîáõîäèòî ðåøèòü ñè-

ñòåìó �óíêöèîíàëüíûõ óðàâíåíèé:





σ1(ξ1ξ2 + η1η2, ξ1η2 + ξ2η1, µ2ξ1 + η1ν2 + µ1, µ2η1 + ν2ξ1 + ν1) =
σ1(ξ1, η1, µ1, ν1)σ1(ξ2, η2, µ2, ν2) + σ2(ξ1, η1, µ1, ν1)σ2(ξ2, η2, µ2, ν2);
σ2(ξ1ξ2 + η1η2, ξ1η2 + ξ2η1, µ2ξ1 + η1ν2 + µ1, µ2η1 + ν2ξ1 + ν1) =
σ1(ξ1, η1, µ1, ν1)σ2(ξ2, η2, µ2, ν2) + σ2(ξ1, η1, µ1, ν1)σ1(ξ2, η2, µ2, ν2);
σ3(ξ1ξ2 + η1η2, ξ1η2 + ξ2η1, µ2ξ1 + η1ν2 + µ1, µ2η1 + ν2ξ1 + ν1) =

σ1(ξ1, η1, µ1, ν1)σ3(ξ2, η2, µ2, ν2) + σ2(ξ1, η1, µ1, ν1)σ4(ξ2, η2, µ2, ν2)+
σ3(ξ1, η1, µ1, ν1);

σ4(ξ1ξ2 + η1η2, ξ1η2 + ξ2η1, µ2ξ1 + η1ν2 + µ1, µ2η1 + ν2ξ1 + ν1) =
σ2(ξ1, η1, µ1, ν1)σ3(ξ2, η2, µ2, ν2) + σ1(ξ1, η1, µ1, ν1)σ4(ξ2, η2, µ2, ν2)+

σ4(ξ1, η1, µ1, ν1),

(10)

â êîòîðîé ∆ = ∂(σ1, σ2, σ3, σ4)/∂(ξ, η, µ, ν) 6= 0.
Òåîðåìà 4. Àâòîìîð�èçì f ãðóïïû Ëè G4 èìååò ñëåäóþùèé ÿâíûé

îáùèé âèä:

σ1 = ξ, σ2 = ±η, σ3 = a31ξ + a41η + a33µ+ a43ν − a31,
σ4 = ±a41ξ ± a31η ± a43µ± a33ν ∓ a41.

ïðè÷åì a33, a31, a41, a43 = 
onst, a233 − a243 6= 0.
Äîêàçàòåëüñòâî. Ïðîäè��åðåíöèðóåì �óíêöèîíàëüíûå óðàâíåíèÿ èç

(10) ïî ξ1, η1, µ1, ν1, ïîñëå ÷åãî ââåäåì ïîäñòàíîâêó: (ξ2, η2, µ2, ν2) = (ξ, η, µ,
ν), (ξ1, η1, µ1, ν1) = (1, 0, 0, 0). Òîãäà èìååì ÷åòûðå ñèñòåìû äè��åðåíöè-

àëüíûõ óðàâíåíèé:

ïåðâàÿ ñèñòåìà

ξ
∂σ1

∂ξ
+ η

∂σ1

∂η
+ µ

∂σ1

∂µ
+ ν

∂σ1

∂ν
= a11σ1 + a21σ2;

η
∂σ1

∂ξ
+ ξ

∂σ1

∂η
+ ν

∂σ1

∂µ
+ µ

∂σ1

∂ν
= a12σ1 + a22σ2;

∂σ1

∂µ
= a13σ1 + a23σ2;

∂σ1

∂ν
= a14σ1 + a24σ2,

âòîðàÿ ñèñòåìà:

ξ
∂σ2

∂ξ
+ η

∂σ2

∂η
+ µ

∂σ2

∂µ
+ ν

∂σ2

∂ν
= a11σ2 + a21σ1;

η
∂σ2

∂ξ
+ ξ

∂σ2

∂η
+ ν

∂σ2

∂µ
+ µ

∂σ2

∂ν
= a12σ2 + a22σ1;
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∂σ2

∂µ
= a13σ2 + a23σ1;

∂σ2

∂ν
= a14σ2 + a24σ1,

òðåòüÿ ñèñòåìà:

ξ
∂σ3

∂ξ
+ η

∂σ3

∂η
+ µ

∂σ3

∂µ
+ ν

∂σ3

∂ν
= a11σ3 + a21σ4 + a31;

η
∂σ3

∂ξ
+ ξ

∂σ3

∂η
+ ν

∂σ3

∂µ
+ µ

∂σ3

∂ν
= a12σ3 + a22σ4 + a32;

∂σ3

∂µ
= a13σ3 + a23σ4 + a33;

∂σ3

∂ν
= a14σ3 + a24σ4 + a34,

÷åòâåðòàÿ ñèñòåìà:

ξ
∂σ4

∂ξ
+ η

∂σ4

∂η
+ µ

∂σ4

∂µ
+ ν

∂σ4

∂ν
= a21σ3 + a11σ4 + a41;

η
∂σ4

∂ξ
+ ξ

∂σ4

∂η
+ ν

∂σ4

∂µ
+ µ

∂σ4

∂ν
= a22σ3 + a12σ4 + a42;

∂σ4

∂µ
= a23σ3 + a13σ4 + a43;

∂σ4

∂ν
= a24σ3 + a14σ4 + a44.

Äàëåå ââåäåì îáîçíà÷åíèÿ: u = σ1 ± σ2, v = σ3 ± σ4, A12 = a11 ± a21,
A22 = a12±a22, A32 = a13±a23, A42 = a14±a41, A1 = a31±a41, A2 = a32±a42,
A3 = a33±a43, A4 = a34±a44. Òîãäà ïðåäûäóùèå ñèñòåìû ïðèíèìàþò âèä:

ξ
∂u

∂ξ
+ η

∂u

∂η
+ µ

∂u

∂µ
+ ν

∂u

∂ν
= A12u;

η
∂u

∂ξ
+ ξ

∂u

∂η
+ ν

∂u

∂µ
+ µ

∂u

∂ν
= A22u;

∂u

∂µ
= A32u;

∂u

∂ν
= A42u,

ξ
∂v

∂ξ
+ η

∂v

∂η
+ µ

∂v

∂µ
+ ν

∂v

∂ν
= A12v + A1;

η
∂v

∂ξ
+ ξ

∂v

∂η
+ ν

∂v

∂µ
+ µ

∂v

∂ν
= A22v + A2;

∂v

∂µ
= A32v + A3;

∂v

∂ν
= A42v + A4,

�åøàÿ òðåòüå è ÷åòâåðòîå óðàâíåíèÿ ýòèõ ñèñòåì, à çàòåì ïîäñòàâëÿÿ

â ïåðâûå äâà, ïîëó÷àåì A32 = A42 = 0, òîãäà áóäåì èìåòü:

u = û(ξ, η), v = v̂(ξ, η) + A3µ+ A4ν,
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ïðè ýòîì A3 = A3A12, A4 = A4A12, A3 = −A4A22, A4 = A3A22. Òîãäà âîç-

ìîæíû äâà ñëó÷àÿ: 1) A3 = A4 = 0, A12, A22 � ïðîèçâîëüíûå, 2) A3 6= 0 è
A4 6= 0, ñëåäîâàòåëüíî A12 = 1, A22 = ±1, A4 = ±A3.

1). Ïåðâûé ñëó÷àé íå ïðèâîäèò ê àâòîìîð�èçìó.

2). Âî âòîðîì ñëó÷àå èìååì ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé:

ξ
∂û

∂ξ
+ η

∂û

∂η
= û, η

∂û

∂ξ
+ ξ

∂û

∂η
= ±û,

ξ
∂v̂

∂ξ
+ η

∂v̂

∂η
= v̂ + A1, η

∂v̂

∂ξ
+ ξ

∂v̂

∂η
= ±v̂ + A2.

�åøàÿ ïåðâûå äâà óðàâíåíèÿ, ïîëó÷àåì

u = û = ξ ± η.

�åøàÿ òðåòüå è ÷åòâåðòîå óðàâíåíèÿ, ïîëó÷àåì

v = A1(ξ ± η) + A3(µ± ν)− A1.

Òàêèì îáðàçîì, òåîðåìà 4 äîêàçàíà.

Ñëåäñòâèå 4. Ìíîæåñòâî àâòîìîð�èçìîâ, âû÷èñëåííûõ â òåîðåìå 4,

ñîäåðæèò ïîäìíîæåñòâî âíóòðåííèõ àâòîìîð�èçìîâ:

σ1 = ξ, σ2 = η, σ3 = a31ξ + a41η + a33µ+ a43ν − a31,
σ4 = a41ξ + a31η + a43µ+ a33ν − a41.

Äàííîå ñëåäñòâèå äîêàçûâàåòñÿ êàê è ñëåäñòâèå òåîðåìû 1.

Â òåîðåìå 4 íàéäåíà ãðóïïà àâòîìîð�èçìîâ Aut(G4) ãðóïïû G4. Å¼

ìîæíî ïðåäñòàâèòü êàê ðåçóëüòàò ý��åêòèâíîãî äåéñòâèÿ ãðóïïîé Ëè

Aut4 =




1 0 0 0 0
0 ±1 0 0 0
a31 a41 a33 a43 −a31
±a41 ±a31 ±a43 ±a33 ∓a41
0 0 0 0 1




â V4. Ñîãëàñíî ñëåäñòâèþ ãðóïïà àâòîìîð�èçìîâ Aut(G4) ñîäåðæèò íîð-

ìàëüíóþ ïîäãðóïïó âíóòðåííèõ àâòîìîð�èçìîâ Inn(G4), êîòîðàÿ ÿâëÿåò-
ñÿ ðåçóëüòàòîì ý��åêòèâíîãî äåéñòâèÿ ãðóïïû

Inn4 =




1 0 0 0 0
0 1 0 0 0
a31 a41 a33 a43 −a31
a41 a31 a43 a33 −a41
0 0 0 0 1




.
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Âû÷èñëÿÿ, ïîëó÷àåì �àêòîð-ãðóïïó:

Aut4/Inn4 =




1 0 0 0 0
0 ±1 0 0 0
0 0 1 0 0
0 0 0 ±1 0
0 0 0 0 1




∼= Z2.

� 6. Àâòîìîð�èçìû ãðóïïû G5

Íàõîæäåíèå âñåõ àâòîìîð�èçìîâ â ãðóïïå G5 ñâîäèòñÿ ê ðåøåíèþ ñè-

ñòåìû �óíêöèîíàëüíûõ óðàâíåíèé





σ1(ξ1ξ2, ξ
c
1η2 + ξ2η1, µ2ξ1 + µ1, µ2η1 + ν2ξ

c
1 + ν1) =

σ1(ξ1, η1, µ1, ν1)σ1(ξ2, η2, µ2, ν2);
σ2(ξ1ξ2, ξ

c
1η2 + ξ2η1, µ2ξ1 + µ1, µ2η1 + ν2ξ

c
1 + ν1) =

σc
1(ξ1, η1, µ1, ν1)σ2(ξ2, η2, µ2, ν2) + σ2(ξ1, η1, µ1, ν1)σ1(ξ2, η2, µ2, ν2);

σ3(ξ1ξ2, ξ
c
1η2 + ξ2η1, µ2ξ1 + µ1, µ2η1 + ν2ξ

c
1 + ν1) =

σ1(ξ1, η1, µ1, ν1)σ3(ξ2, η2, µ2, ν2) + σ3(ξ1, η1, µ1, ν1);
σ4(ξ1ξ2, ξ

c
1η2 + ξ2η1, µ2ξ1 + µ1, µ2η1 + ν2ξ

c
1 + ν1) =

σ2(ξ1, η1, µ1, ν1)σ3(ξ2, η2, µ2, ν2) + σc
1(ξ1, η1, µ1, ν1)σ4(ξ2, η2, µ2, ν2)+

σ4(ξ1, η1, µ1, ν1),

(11)

â êîòîðîé ∆ = ∂(σ1, σ2, σ3, σ4)/∂(ξ, η, µ, ν) 6= 0.

Òåîðåìà 5. Àâòîìîð�èçì f ãðóïïû Ëè G5 çàäàåòñÿ îäíèì èç ñëåäó-

þùèõ ðàâåíñòâ:

1.

σ1 = ξ−1, σ2 = a23µξ
−1 − a21ξ

−1 + a21, σ3 = a32ηξ
−1 − a31ξ

−1 + a31,
σ4 = −a32a23ν − a31a23µξ

−1 + a32a23µηξ
−1 − a32a21ηξ

−1+
+a31a21ξ

−1 + (a41 + a31a21) ln ξ − a31a21,

2.

σ1 = ξ, σ2 = a22η + a21ξ
c−1/(c− 1)− a21ξ/(c− 1),

σ3 = a33µ+ a31ξ − a31,
σ4 = (a41 + a31a21/(c− 1))ξc/c− a31a21ξ/(c− 1)+

a31a22η − a33a21µ/(c− 1) + a22a33ν − (a41 − a31a21)/c, c 6= 0,

3.

σ1 = ξ, σ2 = a22η + a21ξ − a21, σ3 = a33µ+ a31ξ − a31,
σ4 = (a41 − a31a21) ln ξ + a31a21ξ + a31a22η + a33a21µ+ a22a33ν − a31a21,
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4.

σ1 = ξ, σ2 = a23µξ + a22η + a21ξ
2 − a21ξ, σ3 = a33µ+ a31ξ − a31,

σ4 = a31a23ξµ+ (a41 + a31a21)ξ
2/2− a31a21ξ + a33a23µ

2/2−
−a33a21µ+ a31a22η + a22a33ν − (a41 − a31a21)/2, a23 6= 0,

ïðè÷åì a41, a31, a33, a21, a22, a23 = 
onst, a22a33 6= 0, c 6= 1.
Äîêàçàòåëüñòâî. Ïðîäè��åðåíöèðóåì �óíêöèîíàëüíûå óðàâíåíèÿ

(11) ïî ξ2, η2, µ2, ν2, ïîñëå ÷åãî ââåäåì ïîäñòàíîâêó: (ξ1, η1, µ1, ν1) = (ξ, η, µ,
ν), (ξ2, η2, µ2, ν2) = (1, 0, 0, 0). Òîãäà èìååì ñèñòåìû äè��åðåíöèàëüíûõ

óðàâíåíèé:

Ïåðâàÿ ñèñòåìà

ξ
∂σ1

∂ξ
+ η

∂σ1

∂η
= a11σ1, ξc

∂σ1

∂η
= a12σ1,

ξ
∂σ1

∂µ
+ η

∂σ1

∂ν
= a13σ1, ξc

∂σ1

∂ν
= a14σ1.

Âòîðàÿ ñèñòåìà

ξ
∂σ2

∂ξ
+ η

∂σ2

∂η
= a11σ2 + a21σ

c
1, ξc

∂σ2

∂η
= a12σ2 + a22σ

c
1,

ξ
∂σ2

∂µ
+ η

∂σ2

∂ν
= a13σ2 + a23σ

c
1, ξc

∂σ2

∂ν
= a14σ2 + a24σ

c
1.

Òðåòüÿ ñèñòåìà

ξ
∂σ3

∂ξ
+ η

∂σ3

∂η
= a31σ1, ξc

∂σ3

∂η
= a32σ1,

ξ
∂σ3

∂µ
+ η

∂σ2

∂ν
= a33σ1, ξc

∂σ3

∂ν
= a34σ1.

×åòâåðòàÿ ñèñòåìà

ξ
∂σ4

∂ξ
+ η

∂σ4

∂η
= a31σ2 + a41σ

c
1, ξc

∂σ4

∂η
= a32σ2 + a42σ

c
1,

ξ
∂σ4

∂µ
+ η

∂σ2

∂ν
= a33σ2 + a43σ

c
1, ξc

∂σ4

∂ν
= a34σ2 + a44σ

c
1.

�åøàÿ ïåðâóþ ñèñòåìó, ïîëó÷àåì

σ1 = ξa11 , a12 = a13 = a14 = 0, a11 6= 0.
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Âòîðàÿ ñèñòåìà ïåðåïèñûâàåòñÿ òîãäà òàê:

ξ
∂σ2

∂ξ
+ η

∂σ2

∂η
= a11σ2 + a21ξ

ca11, ξc
∂σ2

∂η
= a22ξ

ca11 ,

ξ
∂σ2

∂µ
+ η

∂σ2

∂ν
= a23ξ

ca11 , ξc
∂σ2

∂ν
= a24ξ

ca11 .

Èíòåãðèðóÿ òðåòüå è ÷åòâåðòîå óðàâíåíèÿ, ïîëó÷àåì

σ2 = σ̂2(ξ, η) + a23µξ
ca11−1 − a24µηξ

c(a11−1)−1 + a24νξ
c(a11−1).

Ïîäñòàâëÿÿ íàéäåííîå âî âòîðîå óðàâíåíèå è äè��åðåíöèðóÿ ïî µ, ïîëó-
÷àåì a24 = 0. Äàëåå ðåøàÿ âòîðîå óðàâíåíèå, èìååì:

σ2 = a23µξ
ca11−1 + a22ηξ

c(a11−1) + f(ξ).

Èäÿ â ïåðâîå óðàâíåíèå, ïîëó÷àåì

σ2 = a23µξ
ca11−1 + a22ηξ

c(a11−1) +
a21ξ

ca11

a11(c− 1)
−

a21ξ
a11

a11(c− 1)
,

a24 = 0, (a11 + 1− ca11)a23 = 0, (a11 − 1)a22 = 0.
Òðåòüÿ ñèñòåìà ïåðåïèñûâàåòñÿ òàê:

ξ
∂σ3

∂ξ
+ η

∂σ3

∂η
= a31ξ

a11 , ξc
∂σ3

∂η
= a32ξ

a11 ,

ξ
∂σ3

∂µ
+ η

∂σ3

∂ν
= a33ξ

a11 , ξc
∂σ3

∂ν
= a34ξ

a11 .

�åøàÿ, ïîëó÷àåì

σ3 = a33µξ
a11−1 + a32ηξ

a11−c +
a31ξ

a11

a11
−

a31
a11

,

a34 = 0, (a11 + 1− c)a32 = 0, (a11 − 1)a33 = 0.

Îòìåòèì, ÷òî èç ñâîéñòâà àâòîìîð�èçìà âûòåêàåò

∣∣∣∣
a23 a22
a33 a32

∣∣∣∣ 6= 0.

Äàëåå ðàññìîòðèì äâà ñëó÷àÿ: 1) a11 6= 1 è 2) a11 = 1.
1) Ïóñòü a11 6= 1. Òîãäà a22 = a33 = 0, a23 6= 0, a32 6= 0, a11 = −1, c = 0.

Òîãäà

σ1 = ξ−1, σ2 = a23µξ
−1 − a21ξ

−1 + a21, σ3 = a32ηξ
−1 − a31ξ

−1 + a31,

×åòâåðòàÿ ñèñòåìà ïðèíèìàåò âèä:

ξ
∂σ4

∂ξ
+ η

∂σ4

∂η
= a31a23µξ

−1 − a31a21ξ
−1 + a31a21 + a41,
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∂σ4

∂η
= a32a23µξ

−1 − a32a21ξ
−1 + a32a21 + a42,

ξ
∂σ4

∂µ
+ η

∂σ4

∂ν
= a43,

∂σ4

∂ν
= a34a23µξ

−1 − a34a21ξ
−1 + a34a21 + a44.

Èç òðåòüåãî è ÷åòâåðòîãî óðàâíåíèé âûòåêàåò

∂σ4

∂µ
= a43ξ

−1 − η(a34a23µξ
−2 − a34a21ξ

−2 + (a34a21 + a44)ξ
−1).

Äàëåå èç âòîðîãî óðàâíåíèÿ âû÷èñëÿåì:

∂2σ4

∂η∂µ
= a32a23ξ

−1,

à èç ïîñëåäíåãî ðàâåíñòâà

∂2σ4

∂µ∂η
= −(a34a23µξ

−2 − a34a21ξ
−2 + (a34a21 + a44)ξ

−1).

Ïðèðàâíèâàÿ ïðàâûå ÷àñòè, ïîëó÷àåì a34 = 0, a44 = −a32a23. Âîçâðàùàÿñü
â ïðåäûäóùóþ ñèñòåìó, èìååì:

∂σ4

∂µ
= a43ξ

−1 + a32a23ηξ
−1,

∂σ4

∂ν
= −a32a23,

∂σ4

∂η
= a32a23µξ

−1 − a32a21ξ
−1 + a32a21 + a42,

∂σ4

∂ξ
= a31a23µξ

−2 − a31a21ξ
−2 + (a31a21 + a41)ξ

−1 − a32a23ηµξ
−2+

a32a21ηξ
−2 + (a32a21 + a42)ηξ

−1.

Èç óñëîâèÿ íåçàâèñèìîñòè ÷àñòíûõ ñìåøàííûõ ïðîèçâîäíûõ îò ïîðÿäêà

äè��åðåíöèðîâàíèÿ âûòåêàåò: a43 = −a31a23, a42 = −a32a31. Òîãäà ïîëó-

÷èì

∂σ4

∂µ
= −a31a23ξ

−1 + a32a23ηξ
−1,

∂σ4

∂ν
= −a32a23,

∂σ4

∂η
= a32a23µξ

−1 − a32a21ξ
−1,

∂σ4

∂ξ
= a31a23µξ

−2 − a31a21ξ
−2 + (a31a21 + a41)ξ

−1 − a32a23ηµξ
−2 + a32a21ηξ

−2.

Äàëåå èíòåãðèðóåì:

σ4 = −a32a23ν − a31a23µξ
−1 + a32a23µηξ

−1 − a32a21ηξ
−1 + a31a21ξ

−1+
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(a41 + a31a21) ln ξ − a31a21.

2) Òåïåðü ðàññìîòðèì âòîðîé ñëó÷àé, òî åñòü a11 = 1. Òîãäà (c−2)a23 =
0, (c− 2)a32 = 0,

σ1 = ξ, σ2 = a23µξ
c−1 + a22η + a21ξ

c/(c− 1)− a21ξ/(c− 1),

σ3 = a33µ+ a32ηξ
1−c + a31ξ − a31.

Ïîäñòàâëÿÿ äàííûå âûðàæåíèÿ â �óíêöèîíàëüíûå óðàâíåíèÿ (11), ïîëó-

÷àåì äîïîëíèòåëüíûå îãðóíè÷åíèÿ a23ξ
c−2 = a23, a32ξ

c = a32. Òîãäà èìååì
äâà ñëó÷àÿ: 2.1) c 6= 2, a23 = a32 = 0; 2.2) c = 2, a32 = 0, a23 � ëþáîå. Èç

ñâîéñòâà àâòîìîð�èçìà âûòåêàåò, ÷òî â îáîèõ ñëó÷àÿõ a22a33 6= 0.
Äàëåå ñíà÷àëà ðàññóæäàåì â îáùåì âèäå, ó÷èòûâàÿ, ÷òî a32 = 0. ×åò-

âåðòàÿ ñèñòåìà ïðèíèìàåò òîãäà òàêîé âèä:

ξ
∂σ4

∂ξ
+η

∂σ4

∂η
= a31a23µξ

c−1+a31a22η+a31a21ξ
c/(c−1)−a31a21ξ/(c−1)+a41ξ

c,

∂σ4

∂η
= a42,

ξ
∂σ4

∂µ
+η

∂σ4

∂ν
= a33a23µξ

c−1+a33a22η+a33a21ξ
c/(c−1)−a33a21ξ/(c−1)+a43ξ

c,

ξc
∂σ4

∂ν
= a34a23µξ

c−1 + a34a22η + a34a21ξ
c/(c− 1)− a34a21ξ/(c− 1) + a44ξ

c.

Âûðàæàÿ ïðîèçâîäíûå, èìååì

∂σ4

∂ν
= a34a23µξ

−1 + a34a22ηξ
−c + a34a21/(c− 1)− a34a21ξ

1−c/(c− 1) + a44,

∂σ4

∂η
= a42,

∂σ4

∂µ
= −η(a34a23µξ

−2+

a34a22ηξ
−c−1 + a34a21ξ

−1/(c− 1)− a34a21ξ
−c/(c− 1) + a44ξ

−1)

+a33a23µξ
c−2 + a33a22ηξ

−1 − a33a21/(c− 1) + a33a21ξ
c−1/(c− 1) + a43ξ

c−1,

∂σ4

∂ξ
= a31a23µξ

c−2+

a31a22ηξ
−1 + a31a21ξ

c−1/(c− 1)− a31a21/(c− 1) + a41ξ
c−1 − a42ηξ

−1.
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Èç óñëîâèÿ ñîâìåñòíîñòè, òî åñòü ðàâåíñòâà âòîðûõ ñìåøàííûõ ïðî-

èçâîäíûõ

∂2σ4

∂η∂µ
=

∂2σ4

∂µ∂η
, èìååì a34a23 = a34a22 = 0, çíà÷èò a34 = 0,

a44 = a22a33 6= 0. Òîãäà ïîëó÷èì

∂σ4

∂ν
= a22a33,

∂σ4

∂η
= a42,

∂σ4

∂µ
= a33a23µξ

c−2 − a33a21/(c− 1) + a33a21ξ
c−1/(c− 1) + a43ξ

c−1,

∂σ4

∂ξ
= a31a23µξ

c−2 + a31a22ηξ
−1+

a31a21ξ
c−1/(c− 1)− a31a21/(c− 1) + a41ξ

c−1 − a42ηξ
−1.

Èç òîæäåñòâ

∂

∂ξ
(
∂σ4

∂µ
) =

∂

∂µ
(
∂σ4

∂ξ
) è

∂

∂ξ
(
∂σ4

∂η
) =

∂

∂η
(
∂σ4

∂ξ
) âûòåêàåò: (c−

2)a33a23µξ
c−3 + a33a21ξ

c−2 + (c − 1)a43ξ
c−2 = a31a23ξ

c−2
è 0 = −a42ξ

−1 +
a31a22ξ

−1. Òîãäà (c−2)a33a23 = 0, a43 = (a31a23−a33a21)/(c−1), a42 = a31a22.
Çíà÷èò îêîí÷àòåëüíî èìååì ñèñòåìó

∂σ4

∂ν
= a22a33,

∂σ4

∂η
= a31a22,

∂σ4

∂µ
= a33a23µξ

c−2 − a33a21/(c− 1) + a31a23ξ
c−1/(c− 1),

∂σ4

∂ξ
= a31a23µξ

c−2 + a31a21ξ
c−1/(c− 1)− a31a21/(c− 1) + a41ξ

c−1.

2.1) Ïóñòü c 6= 2. Òîãäà èìååì ñèñòåìó äè��åðåíöèàëüíûõ óðàâíåíèé

∂σ4

∂ν
= a22a33,

∂σ4

∂η
= a31a22,

∂σ4

∂µ
= −a33a21/(c− 1),

∂σ4

∂ξ
= (a41 + a31a21/(c− 1))ξc−1 − a31a21/(c− 1).

2.1.1) Ïðè c 6= 0 ïîëó÷èì ðåøåíèå

σ4 = (a41 + a31a21/(c− 1))ξc/c− a31a21ξ/(c− 1)+

a31a22η − a33a21µ/(c− 1) + a22a33ν − (a41 − a31a21)/c.

2.1.2) Ïðè c = 0 áóäåì èìåòü ðåøåíèå

σ4 = (a41 − a31a21) ln ξ + a31a21ξ + a31a22η + a33a21µ+ a22a33ν − a31a21.
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2.2) È, íàêîíåö, ïóñòü c = 2. Òîãäà èíòåãðèðóÿ ñèñòåìó

∂σ4

∂ν
= a22a33,

∂σ4

∂η
= a31a22,

∂σ4

∂µ
= a33a23µ− a33a21 + a31a23ξ,

∂σ4

∂ξ
= a31a23µ+ (a41 + a31a21)ξ − a31a21,

ïîëó÷àåì

σ4 = a31a23ξµ+ (a41 + a31a21)ξ
2/2− a31a21ξ + a33a23µ

2/2− a33a21µ+

a31a22η + a22a33ν − (a41 − a31a21)/2.

Òàêèì îáðàçîì, òåîðåìà 5 äîêàçàíà.

Ñëåäñòâèå 5. Ìíîæåñòâî àâòîìîð�èçìîâ, âû÷èñëåííûõ â òåîðåìå 5,

ñîäåðæèò ïîäìíîæåñòâî âíóòðåííèõ àâòîìîð�èçìîâ:

σ1 = ξ, σ2 = a22η + a21ξ
c−1/(c− 1)− a21ξ/(c− 1), σ3 = a33µ+ a31ξ − a31,

σ4 = (a41 + a31a21/(c− 1))ξc/c− a31a21ξ/(c− 1)+
a31a22η − a33a21µ/(c− 1) + a22a33ν − (a41 − a31a21)/c, c 6= 1, c 6= 0.

Çàêëþ÷åíèå

Âûøå ñ�îðìóëèðîâàííàÿ çàäà÷à î íàõîæäåíèè ìíîæåñòâà âñåõ àâòî-

ìîð�èçìîì ãðóïï Ëè G1 − G5 ïîëíîñòüþ ðåøåíà. �åøåíèå ïîñòàâëåííîé

çàäà÷è ñâåëîñü ê íàõîæäåíèþ ìíîæåñòâà âñåõ ðåøåíèé ñèñòåì �óíêöèî-

íàëüíûõ óðàâíåíèé â êëàññå êàê ìèíèìóì îäèí ðàç äè��åðåíöèðóåìûõ

�óíêöèÿ. Äàííóþ çàäà÷ó ìîæíî ðàñïðîñòðàíèòü è íà ëþáóþ äðóãóþ ãðóï-

ïó Ëè.
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